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Entanglement in S states of two-electron quantum dots with Coulomb impurities at
the center.
Przemys law Kos´cik, Institute of Physics, Jan Kochanowski University
ul. S´wie¸tokrzyska 15, 25-406 Kielce, Poland
We study a system of two Coulombically interacting electrons in an external harmonic potential
in the presence of an on-centre Coulomb impurity. Detailed results for the dependencies of the
reduced von Neumann entropy on the control parameters of the system are provided for both the
ground state and the triplet S states with the lowest energy. Among other features, it is found that
in the weak confinement regime the entanglement is strongly affected by the presence of an acceptor
impurity.
I. INTRODUCTION
In the last few years there has been an explosion of in-
terest in the entanglement properties of systems of inter-
acting particles, in view of their possible use in quantum
information technology [1, 2]. In particular, great ef-
forts have been made to explore quantum entanglement
in systems of two interacting particles, including model
systems such as the Moshinsky atom [3–6], the Cran-
dall atom [7], or quantum dot systems with harmonically
shaped traps [8–12]. In the most recent years, research
activity has expanded towards investigating the entangle-
ment in real two-electron systems, i.e., the helium atoms
and helium ions. For instance, Manzano et al. [7], De-
hesa et al.[13] and, Benenti et al.[14] have addressed their
investigations to the relation between entanglement and
energy for the helium atom. Lin et al. [15] calculated
the linear entropy for the helium ion |1sns;1 S〉 states
for n up to 10, for a wide range of values of the nuclear
charge (from Z = 2 to 15). They found that in con-
trast to the ground state, the spatial entanglement of ex-
cited states increases with increasing nuclear charge. The
entanglement in the spherical helium model, where the
Coulombic interaction between the electrons is replaced
by its spherical average, has also been discussed in the
literature [16, 17]. An overview of recent developments,
both theoretical and experimental, in entanglement stud-
ies of quantum composite systems, including atoms and
molecules, can be found in [18].
Few attempts have been made recently towards investi-
gating the effect of a Coulomb impurity on the properties
of quantum dots [19–22]. The systems of confined helium
atoms and helium ions that are closely related to quan-
tum dots with a Coulomb impurity have received much
attention in recent years [23–28]. However, as far as we
know, the entanglement properties of such systems have
not been extensively studied in the literature. A simple
candidate for studying the Coulomb impurity effect is the
system of two interacting electrons in the dot modeled by
a harmonic potential
H =
2∑
i=1
[−
~
2
2m
▽2i +
mω2
2
r2i +
e2
ε
η
ri
] +
e2
ε
1
r12
, (1)
where η is the effective charge of the impurity. In partic-
ular, for η = −2,−1, the system (1) describes the con-
fined helium He atoms and helium ions H− centred in a
harmonic trap, respectively. The effects of the harmonic
confinement on the ground state energy of a helium atom
was estimated for a series of values of ω in [24].
The purpose of the present Letter is to gain insight into
how both the effective charge and the confinement size
influence the entanglement. To fully reveal the effect of
the Coulomb impurity on the entanglement, we provide
results for both the acceptor (η < 0) and donor (η > 0)
impurities and compare them with the ones for impurity-
free dots (η = 0). In particular, we study both He and
H− to study the confinement effect on their entanglement
properties.
The scaling r →
√
~
mω
r, E → ~ωE turns the
Schro¨dinger equation into
Hψ(r1, r2) = Eψ(r1, r2), (2)
with
H =
2∑
i=1
[−
1
2
▽2i +
1
2
r2i +
ηγ
ri
] +
γ
r12
, (3)
where γ = e
2
ε
√
m
ω~3
. The limits as γ → 0 and γ →
∞ correspond to situations in which the frequency ω of
the trap tends to ∞ and 0, respectively. In the latter
limit we recover a free space impurity system (atomic-
like system), which has at least one bound state for η ≤
ηcr ≈ −0.911 [29]; for ηcr < η < 0, it consists of one
electron bound to the impurity charge and one free outer
electron.
Since the Hamiltonian (3) does not contain any terms
that couple the spatial and the spin coordinates, its sta-
tionary states possess the form
Ψ S
T
(ξ1, ξ2) = ψ
±(r1, r2)χ
sz
S
T
, (4)
where χszS
T
are the spin functions and the spatial wave-
functions are symmetric (+) or antisymmetric (−) under
permutation of the electrons.
In this Letter, we restrict our investigation to the S
states, the spatial wavefunctions which depend explic-
itly only on the radial coordinates r1, r2 and cos θ, where
2θ is the inter-electronic angle coordinate, ψ±(r1, r2) ≡
ψ±(r1, r2, cos θ) and the differential volume element is
dτ = 8pi2 sin θr21r
2
2dr1dr2dθ [30].
This Letter is organized as follows. In Section II, we
discuss an effective procedure to analyze the entangle-
ment of the singlet and triplet S-symmetry states. Sec-
tion III is devoted to the results and some concluding
remarks are left for Section IV.
II. ENTANGLEMENT OF S-STATES
The real spatial wavefunction ψ±(r1, r2, cos θ) can be
expanded in a Fourier-Legendre series of Legendre poly-
nomials of the cosine of θ[31]:
ψ±(r1, r2) =
∞∑
l=0
f±l (r1, r2)
r1r2
Pl(cos θ), (5)
where
f±l (r1, r2) =
= r1r2
2l+ 1
2
∫ pi
0
ψ±(r1, r2, cos θ)Pl(cos θ) sin θdθ. (6)
Being real and symmetric, the function f+l (r1, r2) has the
Schmidt decomposition [32]
f+l (r1, r2) =
∞∑
n=0
k+nlv
+
nl(r1)v
+
nl(r2), (7)
where the orbitals v+nl satisfy 〈v
+
nl|v
+
n
′
l
〉 = δnn′ . On the
other hand, the function f−l (r1, r2) is real and antisym-
metric and so its Slater decomposition [32] is
f−l (r1, r2) =
=
∞∑
n=0
k−nl(v
−
2n+1l(r1)v
−
2nl(r2)− v
−
2n+1l(r2)v
−
2nl(r1)), (8)
where 〈v−nl|v
−
n
′
l
〉 = δnn′ . With the help of the expan-
sions (7) and (8), the addition theorem Pl(cos θ) =
4pi
2l+1
∑l
m=−l Y
∗
lm(θ1, ϕ1)Ylm(θ2, ϕ2), and the identity
[Yl,m(θ, ϕ)]
∗ = (−1)mYl,−m(θ, ϕ), the Slater decompo-
sitions of the total singlet and triplet S-symmetry wave-
functions (4) can be easily inferred. The number of non-
zero expansion coefficients in the Slater decomposition is
called the Slater rank (SR). An essential point is that a
pure fermion state is non-entangled if, and only if, it can
be expressed by a single Slater determinant [33], i.e., its
SR is equal to one.
Quantum entanglement is characterized by the spec-
trum of the single-particle reduced density matrix [34],
ρred = Tr2[|Ψ〉〈Ψ|], and many ways of measuring its
amount have been developed [32, 33, 35–38]. In this Let-
ter, to quantify the entanglement we shall use the reduced
von Neumann (vN) entropy
SvN = S[ρred]− 1, (9)
where S[ρred] = Tr[ρred log2 ρred] is the ordinary vN
entropy [32]. The above measure vanishes for a two
fermion pure state when its total wavefunction can be
expressed as one single determinant [38]. Since the to-
tal wavefunction factorizes into spatial and spin com-
ponents, the same holds for the reduced density ma-
trix ρred = ρ
spatial
red ρ
spin
red and, in consequence, S[ρred]
separates into S[ρred] = S[ρ
spatial
red ] + S[ρ
spin
red ], where
the spin contribution depends only on |sz| [39], that is,
S[ρspinred ] = −|sz|+ 1. Therefore, the reduced vN entropy
can be written as
Ssz=σS
T
= −|σ| − Tr[ρ±red log2 ρ
±
red], (10)
where ρ±red are the spatial reduced density matrices of the
singlet and triplet states,
ρ±red(r, r
′
) =
∫
[ψ±(r, r1)]
∗ψ±(r
′
, r1)dr1. (11)
The eigenvalues (occupancies) λ+nl and λ
−
nl of the spa-
tial reduced density matrices of the singlet and triplet
states are related to the coefficients k±nl by λ
±
nl = (
4pik±
nl
2l+1 )
2.
The former are 2l+1-fold degenerate, whereas the latter
are 2(2l + 1)-fold degenerate, so that the normalization
conditions give
∑
nl(2l + 1)λ
+
nl = 2
∑
nl(2l + 1)λ
−
nl = 1.
As the vN entropies of the triplet states with sz = 0
and with sz = ±1 differ from each other only by one,
we will concentrate mainly on Ssz=±1T , without loss of
generality. In terms of the occupancies, the vN en-
tropies (10) of the singlet and the triplet with sz = ±1
states are given by SS = −
∑
nl(2l + 1)λ
+
nl log2 λ
+
nl and
Ssz=±1T = −1− 2
∑
nl(2l + 1)λ
−
nl log2 λ
−
nl, respectively.
The radial orbitals v±nl satisfy the following integral
equations∫ ∞
0
ρ±l (r, r
′
)v±pl(r
′
)dr
′
= [k±nl]
2v±pl(r), (12)
with ρ±l (r, r
′
) =
∫∞
0
f±l (r, r1)f
±
l (r
′
, r1)dr1, where p = n
and p = 2n, 2n+1 for ρ+l and ρ
−
l , respectively. With the
help of Eq. (6), we find that ρ±l can be expressed by the
following 3-dimensional integrals.
ρ±l (r, r
′
) = rr
′
(
2l+ 1
2
)2
×
∫ ∞
0
∫ pi
0
∫ pi
0
r21ψ
±(r, r1, cos θ)Pl(cos θ) sin θ
×ψ±(r
′
, r1, cos θ
′
)Pl(cos θ
′
) sin θ
′
dr1dθdθ
′
. (13)
In particular, the orbitals v+nl and their eigenvalues k
+
nl
can be determined by∫ ∞
0
f+l (r, r
′
)v+nl(r
′
)dr
′
= k+nlv
+
nl(r). (14)
One of the most efficient ways to determine λ±nl is to
solve the above integral equations through a discretiza-
tion technique (see for example [9]). Since it is easier to
obtain f+l (6) than ρ
+
l (13), we will deal throughout this
Letter with (14) when the λ+nl are needed.
3III. NUMERICAL RESULTS AND DISCUSSION
To compute the S-state energies and wavefunctions of
(3), we use a simple but effective variational wavefunction
ψHyl = e
−µs
∑
nmp
cnmps
ntmup, (15)
where s, t, and u are the Hylleraas coordinates; s = r1 +
r2, t = r2 − r1, u = r12, and µ is a non-linear variational
parameter [30]. In order to gain insight into the effective-
ness of the method, we first determine the occupancies of
the ground state of the free space impurity system with
η = −2 (helium) and assess their accuracy by comparing
the linear entropy L = 1−
∑
nl(2l+1)[λ
+
nl]
2 with the al-
ready available data in the literature, L = 0.015914 [13],
0.01606 [14], 0.015943 [15]. We use an expansion given by
a 372-term wavefunction (15) that includes all terms con-
sistent with the condition 0 ≤ n+m+ p ≤ 14, (m even),
reproducing at µ = 3 the ground-state helium energy
with to at least ten significant digits: −2.903724377 [40].
Discretizing the variables r and r
′
with equal subintervals
of length △r = R/nmax, we turn (14) into an algebraic
eigenvalue problem
nmax∑
i=0
[M
(l)
ij − δijk
+
nl]v
+
nl(△ri) = 0, j, (16)
where Mij = △rf
+
l (△ri,△rj). Diagonalization of the
matrix [M
(l)
ij ] yields thus a set of approximations to
the coefficients k+nl. With the occupancies determined
in such a way that λ+nl = (
4pik+
nl
2l+1 )
2, we can then ob-
tain an approximation to the true value of L, Lap =
1 −
∑nmax,lmax
n,l=0 (2l + 1)[λ
+
nl]
2. For illustrative purposes,
we present in Table I the values obtained for Lap with
different cut-offs lmax and nmax, where we obtain the
value 0.0159172 for the linear entropy, in excellent agree-
ment with the results of Refs. [13–15] wherein they were
obtained in different ways.
nmax = 100 nmax = 200 nmax = 300
lmax = 0 0.0160148 0.0159268 0.0159221
lmax = 1 0.0160100 0.0159220 0.0159172
TABLE I: Lap computed with different lmax and nmax, for
R = 7.5 where the functions f+l are mainly confined.
Now we come to the main goal of this Letter, which
is to explore the entanglement in the ground state and
the triplet S states of lowest energy of (3). First we
treat the systems in the presence of acceptor impurities
(η < 0). For all negative charge η values considered in
this Letter, one has that l up to lmax = 4 is typically
sufficient to get a good estimate of the vN entropy, over
the entire range of values of γ. Fig. 1 depicts the depen-
dence of the ground-state vN entropy SS on γ for some
exemplary values of η smaller than ηcr. In particular, the
results of this figure reveal the effects of the confinement
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FIG. 1: The von Neumann entropy of the ground-state as
a function of γ for some different exemplary values of η (η ≤
ηcr). The horizontal lines mark the results for the free space
impurity systems.
on the entanglement in the ground states of the helium
He atom and the helium ion H− (the cases η = −2 and
η = −1, respectively). As far as we know, in none of the
papers concerning confined helium ions have the results
for their entanglement properties appeared. In the limit
of γ →∞, the vN entropy SS approaches strictly a value
of the corresponding state of the free space impurity sys-
tem, being smaller at smaller η. A transition to the free
space impurity system regime is manifested by the on-
set of the plateau in the behaviour of the vN entropy.
The results of Fig. 1 indicate that the critical value of
γ at which this occurs decreases with decreasing η. This
can be qualitatively understood by referring to the local-
ization of the electrons, namely, for smaller η, they are
more localized around the center and, in consequence,
a stronger confinement is needed (smaller γ) to change
their quantum state properties. The vN entropy devi-
ates more and more from the free space impurity value
as the confinement becomes stronger and stronger. The
deviation is the largest in the limit of an infinitely strong
confinement (γ → 0), when the system behaves like non-
interacting electrons in a harmonic potential well, which
gives SS = 0 (SR=1).
We also calculated the ionization threshold value γc for
the confined helium atom, which is defined as that for
which E(He) = E(He+), where E(He) and E(He+) are
the ground state energies of He and He+ confined in the
same potential well[26]. This means that for γ = γc, the
confined helium atom gets ionized, i.e., it consists of one
electron bound to the nucleus and one unbound electron,
but still confined within the harmonic potential well. Our
highly numerical result is γc ≈ 0.832658. There may be
a general interest in noting that there is no characteristic
change in the behaviour of the vN entropy near γc.
When η becomes larger than ηcr, the entanglement ex-
hibits a qualitatively different behaviour from that of Fig.
1; see Fig. 2 (a), namely the vN entropy has a visibly
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FIG. 2: (a) The von Neumann entropy of the ground state as a
function of γ for some different negative values of η (η > ηcr).
The black-dashed line corresponds to the case η = 0. (b)
The behaviour of the two largest occupancies determined as
functions of γ for η = −0.4.
non-monotonic behaviour and in the limit of γ →∞ sat-
urates at a constant value that is insensitive to η. The
last point can be understood by referring to Ref. [16]
wherein it was found that the |(1s)2;1 S〉 state of the free
space impurity system, which corresponds to γ →∞, has
for ηcr < η < 0 only the two non-vanishing occupancies
λ+00 and λ
+
10, both equal to
1
2 , giving SS = 1 (SR=2). We
recall here that for η > ηcr, the |(1s)
2;1 S〉 state of the
free space impurity system is no longer a bound state.
For the sake of illustration, Fig. 2 displays in (b) the
occupancies λ+00 and λ
+
10 determined as functions of γ for
the example of η = −0.4. It is seen how they converge to
an asymptotic doublet of the value 12 when γ increases.
Since both occupancies correspond to the purely radial
natural orbitals, the bulk of the entanglement is mani-
fested only in the radial variables as γ → ∞. To gain a
deeper insight into the effect of the Coulomb impurity,
the variation of SS for the impurity-free dots (η = 0) is
also shown in Fig. 2 (a) (the black dashed line). The
vN entropy SS with η = 0 grows monotonically with an
increase in γ and goes to infinity as γ → ∞, reflecting
the fact that as the dot size increases, more and more
occupancies with different l become substantial [41].
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FIG. 3: (a) The von Neumann entropy Ssz=±1T as a function
of γ calculated for the same values of η as in (a) of Fig. 2.
The black-dashed line corresponds to the case η = 0. (b)
Behaviour of the largest occupancy as a function of γ for
η = −0.4.
Interestingly enough, one sees that the vN entropy SS
starts to exhibit a clear local maximum after exceeding
a value of about η ≈ −0.4. The closer η is to zero, the
more pronounced is the maximum and the larger is the
value of γ at which it occurs. At the same time, one ob-
serves that the range of values of γ around γ = 0 in which
SS exhibits the behaviour of the impurity-free dots also
becomes wider.
Fig. 3 (a) reveals the effects of changing both η and
γ on the entanglement in the lowest energy triplet state
with sz = ±1, where for the sake of comparison the same
values of η as those for the ground state in Fig. 2 (a)
are taken into account. Once again, as for the singlet
ground state, the black dashed line represents the case
with no impurity. Except for this case, for all remain-
ing cases an analogous situation occurs, namely the vN
entropy increases, attains a maximum value, and then
diminishes until it vanishes as γ → ∞. The last point
can be explained as follows: for −1 ≤ η < 0 the triplet
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FIG. 4: Behaviour of the vN entropies SS (continuous lines)
and Ssz=±1T (dashed lines), for η = 0, 1 as functions of γ.
|1s2s;3 S〉 state of the free space impurity system, which
corresponds to γ →∞, is an unbound state and has only
one non-zero occupancy, that is λ−00 =
1
2 [17]. In the case
sz = ±1, this gives S
sz=±1
T = 0 (SR= 1) and the corre-
sponding states |Ψsz=±1T 〉 must therefore be regarded as
non-entangled. The situation is different if one considers
the triplet state with sz = 0, namely: for λ
−
00 =
1
2 its
total wavefunction constitutes a sum of two Slater de-
terminants (SR= 2) and this state has to be regarded
as an entangled state. Fig. 3 (b) demonstrates, for the
example of η = −0.4, how the occupancy λ−00 attains its
asymptotic value 12 with increasing γ. Except for the
limits as γ → 0 and γ → ∞, where the dependence of
the entanglement on η disappears, the triplet state with
sz = ±1 is generally an entangled state. Nevertheless, as
one can infer from Fig. 3 (a), the weakly entangled states
with Ssz=±1T ≈ 0 (SR≈ 1) are realized for finite values
of γ that are larger at bigger (negative) η. For exam-
ple, the vN entropy of the state |Ψsz=±1T 〉 of the system
with η = −0.4 starts to become vanishingly small already
when γ exceeds the value γ ≈ 20. Comparing the results
of Fig. 2 with those of Fig. 3, one can finally conclude
that for a given η, the ranges of values of γ in which the
entropies of the ground and lowest triplet S states make
their most rapid variations are nearly the same.
We close our discussion with Fig. 4, which compares
the behaviour of the vN entropies of systems with a donor
impurity η = 1 and without impurity charge, for both
ground and triplet S states. The vN entropy of the sys-
tem with η = 1 exhibits a monotonically increasing be-
haviour as γ increases and goes to infinity as γ → ∞,
similarly to the case for the impurity-free dots. The pres-
ence of the donor impurity increases the entanglement for
every γ except for γ = 0, which is more pronounced for
the triplet state than for the singlet one when γ is large
(the weak confinement regime). It is well known that
in the case of an impurity-free dot, the angular correla-
tions carry the electrons at opposite sides of the centre of
the trap as γ increases, i.e., the so-called linear Wigner
molecule is formed [41]. Being dependent only on the
radial coordinate, the donor impurity has thus an effect
mainly on the radial correlations when the confinement
becomes weak. In this regime, the increase in the en-
tanglement resulting from the impurity invasion comes
thus mostly from an increase in radial correlations. As
can be inferred from Fig. 4, the larger is the value of γ,
the smaller is the change in the entanglement (in a rela-
tive sense) produced by the coming of a donor impurity.
The impact of the donor impurity is therefore relatively
small in the weak confinement regime in contrast to the
acceptor impurity where the opposite behaviour occurs.
IV. CONCLUSIONS
In conclusion, we carried out a comprehensive study of
the entanglement properties of two interacting electrons
in the presence of Coulomb impurities in spherical har-
monically shaped traps. Our results showed the depen-
dencies of the vN entropy on the dot size and the effective
charge for both the ground state and the triplet S states
with the lowest energy. From the results, it is appar-
ent that the invasion of the charge impurity dramatically
influences the entanglement. The effect is much more
pronounced when the impurity is negatively charged. In
such a case, when γ is large enough, the effect of the
confining potential is negligible and the entanglement en-
tropy approaches the value of the corresponding state of
the free space impurity system. As a general trend, we
found that the closer η is to zero, the larger is the value
of γ at which this occurs. On the other hand, when the
confinement is strong (small γ), the impact of the impu-
rity is small and the entanglement approaches the value
of the impurity-free dots. It turned out that the range of
values of γ around γ = 0 in which this occurs tends to
increase when η → 0−. In the limit as γ → ∞, the vN
entropy exhibits a discontinuity at the point η = 0, since
it tends to a constant value as η → 0−, while at η = 0,
it tends to ∞. In the case of a positively charged impu-
rity, the vN entropy increases monotonically as the dot
size increases, similarly to the case for the impurity-free
dots. It was found that the impact of the donor impu-
rity on the entanglement is relatively small in the weak
confinement regime, i.e., where the Wigner molecule is
formed. Except for the limit of infinitely strong confine-
ment (γ → 0), we found the lowest singlet state to have
generally higher entanglement than the lowest triplet one
with sz = ±1.
It would be desirable to gain a deeper insight into the
properties of the system (1) by extending the current
calculations to excited states. In particular, as the con-
fined systems of atoms have important applications to
modelling a variety of problems in physics, it would be
interesting to explore the entanglement of the eigenstates
of confined helium ions and check how the results deviate
from those for their free counterparts [7, 13–15].
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